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Abstract

We propose a modified alternate direction method for solving convex quadratically con-

strained quadratic semidefinite optimization problems. The method is a first order method,

therefore requires much less computational effort per iteration than the second-order ap-

proaches such as the interior point methods or the smoothing Newton methods. At each

iteration only a single inexact metric projection onto the positive semidefinite cone is re-

quired. We prove the global convergence of this method.
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1. Introduction

Let S
n be the space of all n×n real symmetric matrices. We consider a special class of non-

linear optimization problems defined in S
n, called Convex Quadratically Constrained Quadratic

Semidefinite Programs (CQCQSDPs), as follows.

min q0(X) ≡
1

2
〈X,Q0(X)〉 + 〈B0, X〉 (1.1)

s.t. qi(X) ≡
1

2
〈X,Qi(X)〉 + 〈Bi, X〉 + ci ≤ 0, i = 1, · · · ,m

X � 0,

where Qi : S
n → S

n, i = 0, 1, ...,m, is a self-adjoint positive semidefinite linear operator; X,Bi ∈

S
n, and ci ∈ R is a scalar. In addition, 〈·, ·〉 denotes the Frobenius inner product between square

matrices, i.e., 〈U, V 〉 = Trace(U T V ). We denote by S
n
+ and S

n
++ the cones of positive semidefinite

matrices and positive definite matrices, respectively. By writing X � 0 (X � 0) we mean that

X ∈ S
n
+ (X ∈ S

n
++). Preliminary examples of Q(X) include the symmetrized Kronecker product

U ⊗ V (X) = (V XUT + UXT V T )/2, where U and V are both n × n symmetric matrices, and

the Hadamard product H ◦ X defined as (H ◦ X)ij = HijXij , etc.

Let vec be an isometry identifying S
n with R

n2

so that 〈B,X〉 = vec (B)T vec (X). Let

the matrix representation of operator Q under this isometry be Q̄. Then for any X, we have

vec (Q(X)) = Q̄ vec (X). Since Q is self-adjoint and positive semidefinite, Q̄ is a symmetric

positive semidefinite matrix.

Problem (1.1) is a convex programming problem in the symmetric matrix space. In a sense, it

is also the most basic nonlinear semidefinite optimization problem. It has a number of important

applications in engineering and management. For example, in order to find a positive semidefinite

matrix that best approximates the solution to the matrix equation system

〈Ai, X〉 = bi, ∀i = 1, ...,m,

we need to solve the matrix least-square problem

min

m
∑

i=1

‖〈Ai, X〉 − bi‖
2 s.t. X � 0, (1.2)

which is in the form of Problem (1.1). Another example is the following nearest covariance

matrix problem in finance,

min ‖X − C‖2

s.t. 〈Ai, X〉 = bi, i = 1, ..., p,

〈Ai, X〉 ≤ bi, i = p + 1, ...,m,

X is a covariance matrix.

Since all covariance matrices are positive semidefinite with rank one, relaxing the rank require-

ment, we can substitute the last constraint by X � 0. The resulting relaxation problem then

becomes a special case of (1.1).

In [1], Beck studied quadratic matrix programming of order r which may not be convex.

He constructed a special semidefinite relaxation and its dual and showed that under some mild
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conditions strong duality holds for the relaxed problem with at most r constraints. However,

Beck’s models does not include the semidefinite cone constraint. Therefore, it is essentially a

vector optimization model, rather than a semidefinite optimization problem like (1.1).

A special case of (1.1) is the convex quadratic SDP (CQSDP) problem where the quadratic

term only appears in the objective and the constraints are linear, together with the semidefinite

cone constraint. In [14], a theoretical primal-dual potential reduction algorithm was proposed

for CQSDP problems by Nie and Yuan. The authors suggested to use the conjugate gradient

method to compute an approximate search direction. Subsequent works include Qi and Sun [16]

and Toh [19]. Qi and Sun used a Lagrangian dual approach. Toh introduced an inexact primal-

dual path-following method with three classes of pre-conditioners for the augmented equation

for fast convergence under suitable nondegeneracy assumptions. Unfortunately, all these new

methods can not be readily extended to solve CQCQSDP because the KKT conditions of (1.1)

can no longer be written as a linear system as in CQSDP.

In two recent papers, Malick [13] and Boyd and Xiao [2], respectively applied classical quasi-

Newton methods (in particular, the BFGS method) and the projected gradient method to the

dual problem of linearly constrained quadratic semidefinite programs with continuously differ-

entiable objective function. More recently, Gao and Sun [9] designed an inexact smoothing

Newton method to solve a reformulated semismooth system with two level metric projection op-

erators and showed high efficiency of the proposed method in numerical experiments. Again, all

these algorithms are not applicable to CQCQSDP problem because of the existence of quadratic

constraints.

In the field of general nonlinear semidefinite optimization, we notice the smoothing Newton

algorithm of Sun, Sun, and Qi [18] and the augmented Lagrangian algorithm of Sun, Sun,

and Zhang [17]. Although both algorithms could be used to solve CQCQSDP, they are not

specifically designed for CQCQSDP. Therefore, they may not be able to take advantage of

the specific structure of the problem. It is also noted that the smoothing Newton method is

a second-order algorithm while the proposed algorithm in this paper is a first-order method.

Therefore, in each iteration, the smoothing Newton method requires much more computations

than our algorithm. Similar comparison can be also made between the augmented Lagrangian

method and our algorithm. It should be noted that the successive linearization method of Li

and Sun [12] is also a first order method, but it requires to solve a quadratic sub-problem at

each iteration. Besides, it is targeted for general nonlinear semidefinite programs.

The general advantage of the first-order algorithms are twofold. First, this type of methods

are relatively simple to implement, thus they are useful in finding an approximate solution of

the problems, which may become the “first phase” of a hybrid second-order algorithm (e.g.,

a Newton method). Secondly, first-order methods usually require much less computation per

iteration, therefore might be suitable for relatively large problems.

This paper is focused on convergence analysis of an alternating direction method (ADM) for

CQCQSDP. The ADM has been an effective first-order approach for solving large optimization

problems with vector variables. It was probably first considered by Gabay [7] and Gabay and

Mercier [8]. Further studies of such methods can be found, for instance, in [3, 6, 10, 11]. The

inexact versions of the ADM was proposed by Eckstein and Bertsekas [6] and Chen and Teboulle

[3], respectively. He et al. [10] generalized the framework and proposed a new inexact ADM

method with flexible conditions for structured monotone variational inequalities (VI). All of the
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work above, however, was devoted to vector optimization problems. It appears to be new to

apply the idea of ADM to develop a method for solving quadratic semidefinite programming

problems.

In [20], Yu applied an exact ADM for a special case of (1.1), in which both the objective

function and the general constraints are linear. His main idea is to reformulate the primal-dual

optimality conditions of SDP as a projection equation. However, there is a significant difficulty

in applying Yu’s idea to CQCQSDP because one has to solve a nonlinear variational problem on

semidefinite cone at each iteration, which is very expensive. In this paper we propose a specially

designed ADM for CQCQSDP. The new method has the advantage of being simple and cheap

in computation. At each iteration only one projection onto the semidefinite cone is necessary.

Furthermore, this projection is allowed to be inexact. Under some mild conditions, we prove

the convergence of this method.

The paper is organized as follows. In Section 2 we reformulate Problem (1.1) as a variational

inequality problem and present a specialization of the ADM, called the “original ADM”. We then

simplify the original ADM into a “modified ADM”, which takes into account the special structure

of the reformulated variational inequality problem. In Section 3 we prove the convergence of the

modified ADM. Section 4 is devoted to the inexact case and its convergence. Finally we make

some concluding remarks in Section 5.

2. The Algorithms

Recall that qi(X) ≡ 1
2 〈X,Qi(X)〉 + 〈Bi, X〉 + ci ≤ 0. By introducing artificial constraints

Yi = X and Ωi = {Yi : qi(Yi) ≤ 0} , ∀i = 1, · · · ,m, (2.1)

we may rewrite (1.1) equivalently as

min q0(X)

s.t. X = Yi, Yi ∈ Ωi, i = 1, · · · ,m (2.2)

X � 0.

The Lagrange dual of problem (2.2) is

max
λi

min
X�0,Yi∈Ωi

L(X,Y1, · · · , Ym, λ1, · · · , λm) := q0(X) −

m
∑

i=1

〈λi, X − Yi〉

Notice that the Lagrange multipliers λi, i = 1, ...,m, are symmetric matrices. It is well

known that under mild constraint qualifications (e.g., Slater’ condition), strong duality holds

and hence, X∗ is a solution of (2.2) if and only if there exists λ∗
i ∈ Sn, i = 1, ...,m such that

(X∗, Y ∗
i , λ∗

i ) satisfies















〈

X − X∗, Q0(X
∗) + B0 −

m
∑

i=1
λ∗

i

〉

≥ 0, ∀ X ∈ S
n
+

〈Yi − Y ∗
i , λ∗

i 〉 ≥ 0, ∀ Yi ∈ Ωi, i = 1, · · · ,m

X∗ = Y ∗
i , i = 1, · · · ,m

(2.3)

Problem (2.3) is a variational inequality problem with a special structure. The variables

(X,Yi, λi) are symmetric matrices, the underlying sets S
n
+ and Ωi are convex and non-polyhedral.
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In order to solve (2.3) by an alternate direction method, we need to compute the metric pro-

jection of a matrix onto Ωi and S
n
+. The projection onto Ωi can be computed in a similar way

as computing the Euclidean projection of a vector onto an ellipsiod in the real vector space.

Therefore, the computation of this projection can be very fast, see, for example, [4] for the

corresponding algorithms. The projection onto S
n
+ repuires a full eigenvalue decomposition. To

handle potetially large problems, we allow this computation to be performed inexactly. The

alternating direction methods, when applied to problem (2.3), can be separated into three steps.

The interested reader can refer to [11] for the motivation of these steps.

Algorithm 2.1. The Original Alternating Direction Method for CQCQSDP

Step 1. (Xk, Y k
i , λk

i ) → (Xk+1, Y k
i , λk

i ), where

〈

X − Xk+1, Q0(X
k+1) + B0 −

m
∑

i=1

(

λk
i − βi

(

Xk+1 − Y k
i

))

〉

≥ 0, ∀X � 0 (2.4)

where βi, i = 1, · · · ,m are certain positive scalars.

Step 2. (Xk+1, Y k
i , λk

i ) → (Xk+1, Y k+1
i , λk

i ), i = 1, · · · ,m, where

〈

Yi − Y k+1
i , λk

i − βi

(

Xk+1 − Y k+1
i

)〉

≥ 0, ∀ Yi ∈ Ωi and certain βi > 0. (2.5)

Step 3. (Xk+1, Y k+1
i , λk

i ) → (Xk+1, Y k+1
i , λk+1

i ), i = 1, · · · ,m, where

λk+1
i = λk

i − βi

(

Xk+1 − Y k+1
i

)

(2.6)

At Step 1 and Step 2 we should solve two variational inequalities. In the following, we will

convert them to simple projection operations. Firstly, it is easy to see that (2.5) is equivalent

to the following nonlinear equation

Y k+1
i = PΩi

[

Y k+1
i − αi

(

λk
i − βi

(

Xk+1 − Y k+1
i

))]

,

where αi can be any positive number. Thus by choosing αi = 1
β

i
, the right hand side item Y k+1

i

is cancelled. That is, in order to solve (2.5), we only have to compute

Y k+1
i = PΩi

[

Xk+1 −
1

βi

λk
i

]

. (2.7)

However, it does not work for (2.4) since it is generally impossible to select an α so that the

right hand side Xk+1 is cancelled in

Xk+1 = PSn
+

[

Xk+1 − α

(

Q0(X
k+1) + B0 −

m
∑

i=1

(

λk
i − βi

(

Xk+1 − Y k
i

))

)]

.

We therefore suggest the following approximate approach. Let

R(Xk, Xk+1) ≡ Q0(X
k+1) − Q0(X

k) − γ
(

Xk+1 − Xk
)

for certain constant γ.
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Note that

Xk+1 = PSn

+

[

Xk+1 − α

(

Q0(X
k+1) + B0 −

m
∑

i=1

(

λk

i − βi

(

Xk+1 − Y k

i

))

− R(Xk, Xk+1)

)]

= PSn

+

[

Xk+1 − α

((

m
∑

i=1

βi + γ

)

Xk+1 + B0 −

m
∑

i=1

(

λk

i + βiY
k

i

)

− γXk + Q0(X
k)

)]

.(2.8)

We choose γ so that γ ≥ λmax(Q0), where λmax(Q0) is the largest eigenvalue of Q0. Setting

α =

(

m
∑

i=1

βi + γ

)

−1

and D = B0 −

m
∑

i=1

(

λk

i + βiY
k

i

)

− γXk + Q0(X
k),

we obtain

Xk+1 = PSn
+

[−αD] . (2.9)

In summary, the modified alternating direction method is given as follows.

Algorithm 2.2. The Modified Alternating Direction Method for CQCQSDP

Step 1. (Xk, Y k
i , λk

i ) → (Xk+1, Y k
i , λk

i ), where

Xk+1 = PSn
+



−

(

m
∑

i=1

βi + γ

)−1

D



 . (2.10)

Step 2. (Xk+1, Y k
i , λk

i ) → (Xk+1, Y k+1
i , λk

i ), i = 1, · · · ,m, where βi > 0 and

Y k+1
i = PΩi

[

Xk+1 −
1

βi

λk
i

]

. (2.11)

step 3. (Xk+1, Y k+1
i , λk

i ) → (Xk+1, Y k+1
i , λk+1

i ), i = 1, · · · ,m, where

λk+1
i = λk

i − βi

(

Xk+1 − Y k+1
i

)

. (2.12)

3. Convergence Results

Proposition 3.1. The sequence {Xk, Y k
i , λk

i } generated by the modified alternating direction

method for CQCQSDP satisfies

m
∑

i=1

1

βi

〈

λk+1
i − λ∗

i , λ
k
i − λk+1

i

〉

+

m
∑

i=1

βi

〈

Y k+1
i − Y ∗

i , Y k
i − Y k+1

i

〉

+
〈

Xk+1 − X∗, R(Xk, Xk+1)
〉

≥ 0,

(3.1)

where (X∗, Y ∗, λ∗) are defined as in (2.3).

Proof. Using (2.3) and (2.5), we have

〈

Y k+1
i − Y ∗

i , λ∗
i − λk+1

i

〉

≥ 0. (3.2)
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Similarly, we get
〈

Y k+1
i − Y k

i , λk
i − λk+1

i

〉

≥ 0. (3.3)

Note that (2.8) can be written equivalently as

〈

X − Xk+1, Q0(X
k+1) + B0 −

m
∑

i=1

λk+1
i −

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

− R(Xk, Xk+1)

〉

≥ 0, ∀X ∈ Sn
+.

Setting X = X∗ in it, we obtain
〈

Xk+1 − X∗,−Q0(X
k+1) − B0 +

m
∑

i=1

λk+1
i +

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

+ R(Xk, Xk+1)

〉

≥ 0. (3.4)

Let X = Xk+1 in inequality (2.3). Then

〈

Xk+1 − X∗, Q0(X
∗) + B0 −

m
∑

i=1

λ∗
i

〉

≥ 0 (3.5)

Adding (3.4) and (3.5) together, it follows that

〈

m
∑

i=1

(

λk+1
i − λ∗

i

)

, Xk+1 − X∗

〉

+

〈

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

, Xk+1 − X∗

〉

+
〈

Xk+1 − X∗, R(Xk, Xk+1)
〉

≥
〈

Xk+1 − X∗, Q0(X
k+1) − Q0(X

∗)
〉

≥ 0. (3.6)

It follows from (3.2), (3.3) and (3.6) that

〈

m
∑

i=1

(

λk+1
i − λ∗

i

)

, Xk+1 − X∗

〉

+

〈

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

, Xk+1 − X∗

〉

+
〈

Xk+1 − X∗, R(Xk, Xk+1)
〉

+

m
∑

i=1

〈

Y k+1
i − Y ∗

i , λ∗
i − λk+1

i

〉

+

m
∑

i=1

〈

Y k+1
i − Y k

i , λk
i − λk+1

i

〉

=
m
∑

i=1

1

βi

〈

λk+1
i − λ∗

i , λ
k
i − λk+1

i

〉

+
m
∑

i=1

βi

〈

Y k+1
i − Y ∗

i , Y k
i − Y k+1

i

〉

+
〈

Xk+1 − X∗, R(Xk, Xk+1)
〉

≥ 0.

The proof is completed.

The following is the main theorem.

Theorem 3.2. The sequence {Xk} generated by the Modified Alternating Direction method

converges to a solution point X∗ of system (2.3).

Proof. We denote

W ≡







X

Yi

λi






, and G ≡







γI − Q0 0 0

0 H 0

0 0 H−1






,
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where H is a diagonal matrix with βi on its diagonal. clearly, G is positive definite. We define

the G-inner product of W and W ′ as

〈

W,W ′
〉

G
≡

m
∑

i=1

1

βi

〈

λi, λ
′

i

〉

+
m
∑

i=1

βi

〈

Yi, Y
′

i

〉

+
〈

X, γX
′

− Q0(X
′

)
〉

and the associated G-norm as

‖W‖G ≡

(

m
∑

i=1

1

βi
‖λi‖

2 +

m
∑

i=1

βi ‖Yi‖
2 + ‖X‖2

γI−Q0

) 1

2

,

where ‖X‖2
γI−Q0

= vec (X)T (γI − Q0) vec (X) = γ‖X‖2 − 〈X,Q0(X)〉. Observe that solving

the optimal condition (2.3) for problem (2.2) is equivalent to finding a zero point of the residual

function

‖e(W )‖G :=

∥

∥

∥

∥

∥

∥

∥

∥

X − PSn
+

[

X − α

(

Q0(X) + B0 −
m
∑

i=1
λi

)]

Yi − PΩi
[Yi − αiλi]

βi (X − Yi)

∥

∥

∥

∥

∥

∥

∥

∥

G

.

Then we have from (2.8) that

Xk+1 = PSn
+

[

Xk+1 − α

(

Q0(X
k+1) + B0 −

m
∑

i=1

(

λk
i − βi

(

Xk+1 − Y k
i

))

− R(Xk, Xk+1)

)]

= PSn
+

[

Xk+1 − α

(

Q0(X
k+1) + B0 −

m
∑

i=1

λk+1
i −

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

+ R(Xk, Xk+1)

)]

which implies that

∥

∥

∥
e(W k+1)

∥

∥

∥

G
≤

∥

∥

∥

∥

∥

∥

∥

∥

α

(

m
∑

i=1
βi

(

Y k+1
i − Y k

i

)

+ R(Xk, Xk+1)

)

0

λk
i − λk+1

i

∥

∥

∥

∥

∥

∥

∥

∥

G

≤ δ
∥

∥

∥
W k − W k+1

∥

∥

∥

G
(3.7)

(non-expansion of projection)

where δ is a positive constant depending on α, βis, and γ.

Note that (3.1) can be written as
〈

W k+1 − W ∗,W k − W k+1
〉

G
≥ 0

⇒
〈

W k − W ∗,W k − W k+1
〉

G
≥
∥

∥

∥W k − W k+1
∥

∥

∥

2

G

Thus
∥

∥

∥W k+1 − W ∗
∥

∥

∥

2

G
=

∥

∥

∥

(

W k − W ∗
)

−
(

W k − W k+1
)∥

∥

∥

2

G

=
∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
− 2

〈

W k − W ∗,W k − W k+1
〉

G
+
∥

∥

∥
W k − W k+1

∥

∥

∥

2

G

≤
∥

∥

∥W k − W ∗
∥

∥

∥

2

G
−
∥

∥

∥W k − W k+1
∥

∥

∥

2

G

≤
∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
−

1

δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
(3.8)
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From the above inequality, we have

∥

∥

∥W k+1 − W ∗
∥

∥

∥

2

G
≤
∥

∥

∥W k − W ∗
∥

∥

∥

2

G
≤ · · · ≤

∥

∥W 0 − W ∗
∥

∥

2

G
. (3.9)

That is, the sequence {W k} is bounded. Thus there exists at least one cluster point of {W k}.

It also follows from (3.8) that

∞
∑

k=0

1

δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
< +∞.

This implies that

lim
k→∞

∥

∥

∥
e(W k)

∥

∥

∥

G
= 0.

Let W̄ be a cluster point of {W k}, and let {W kj} be a corresponding subsequence converging

to W̄ . Therefore,
∥

∥e(W̄ )
∥

∥

G
= lim

j→∞

∥

∥

∥e(W kj )
∥

∥

∥

G
= 0,

which means that W̄ is a zero point of the residual function. Therefore W̄ satisfies (2.3). Setting

W ∗ = W̄ in (3.9), we have

∥

∥

∥
W k+1 − W̄

∥

∥

∥

2

G
≤
∥

∥

∥
W k − W̄

∥

∥

∥

2

G
, ∀k ≥ 0.

Thus, the sequence {W k} has a unique cluster point and

lim
k→∞

W k = W̄ .

This completes the proof.

4. The Inexact Case

The modified alternating direction method requires to compute the projection onto semidef-

inite cone. However, there seems to be little justification of the effort required to do it exactly.

In fact, inspired by Dembo et al. [5] and Pang [15], we could develop an inexact version of the

modified alternating direction method.

The Inexact Version of the Modified Alternating Direction Method.

Given a nonnegative sequence {ηk} satisfies
∞
∑

k=0

η2
k < +∞.

In each iteration, we solve (2.10) inexactly as follows

Xk+1 = PSn
+

[

Xk+1 − α

(

Q0(X
k+1) + B0 −

m
∑

i=1

(

λk
i − βi

(

Xk+1 − Y k
i

))

− R(Xk, Xk+1) + Θk(X
k+1)

)]

(4.1)

such that
∥

∥

∥
Θk(X

k+1)
∥

∥

∥

(γI−Q0))
−1

≤ ηk

∥

∥

∥
e(W k+1)

∥

∥

∥

G
. (4.2)

We next show that the sequence {Xk, Y k
i , λk

i } generated by the inexact version will satisfy

a weak contractive property.
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Proposition 4.1. Let {Xk, Y k
i , λk

i } be the sequence generated by the inexact version of the

modified alternating direction method. Then there is a k0 ≥ 0, such that
∥

∥

∥
W k+1 − W ∗

∥

∥

∥

2

G
≤
(

1 + 4δ2η2
k

)

∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
−

1

4δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
, ∀k ≥ k0, (4.3)

where δ is the positive constant from inequality (3.7).

Proof. Since in the inexact method

〈

X − Xk+1, Q0(X
k+1) + B0 −

m
∑

i=1

λk+1
i −

m
∑

i=1

βi

(

Y k
i − Y k+1

i

)

−R(Xk, Xk+1) + Θk(X
k+1)

〉

≥ 0, ∀X ∈ Sn
+.

Similar to the proof of Theorem 1, by adding inequalities (3.2), (3.3) and (3.5) to the inequality

above, we obtain

m
∑

i=1

1

βi

〈

λk+1
i − λ∗

i , λ
k
i − λk+1

i

〉

+

m
∑

i=1

βi

〈

Y k+1
i − Y ∗

i , Y k
i − Y k+1

i

〉

+
〈

Xk+1 − X∗, R(Xk, Xk+1)
〉

+
〈

Xk+1 − X∗,−Θk(X
k+1)

〉

≥ 0

According to the definitions of 〈·, ·〉G and ‖ · ‖G, the inequality above can be written as
〈

W k+1 − W ∗,W k − W k+1
〉

G
+
〈

Xk+1 − X∗,−Θk(X
k+1)

〉

≥ 0,

which implies
〈

W k − W ∗,W k − W k+1
〉

G
≥
∥

∥

∥W k − W k+1
∥

∥

∥

2

G
+
〈

Xk+1 − X∗,Θk(X
k+1)

〉

.

Thus,
∥

∥

∥
W k+1 − W ∗

∥

∥

∥

2

G
=

∥

∥

∥

(

W k − W ∗
)

−
(

W k − W k+1
)∥

∥

∥

2

G

=
∥

∥

∥W k − W ∗
∥

∥

∥

2

G
− 2

〈

W k − W ∗,W k − W k+1
〉

G
+
∥

∥

∥W k − W k+1
∥

∥

∥

2

G

≤
∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
−
∥

∥

∥
W k − W k+1

∥

∥

∥

2

G
− 2

〈

Xk+1 − X∗,Θk(X
k+1)

〉

=
∥

∥

∥W k − W ∗
∥

∥

∥

2

G
−
∥

∥

∥W k − W k+1
∥

∥

∥

2

G
− 2

〈

Xk+1 − Xk,Θk(X
k+1)

〉

−2
〈

Xk − X∗,Θk(X
k+1)

〉

. (4.4)

Note that

− 2
〈

Xk − X∗,Θk(X
k+1)

〉

≤ 4δ2η2
k

∥

∥

∥Xk − X∗
∥

∥

∥

2

γI−Q0

+
1

4δ2η2
k

∥

∥

∥Θk(X
k+1)

∥

∥

∥

2

(γI−Q0)
−1

≤ 4δ2η2
k

∥

∥

∥W k − W ∗
∥

∥

∥

2

G
+

1

4δ2

∥

∥

∥e(W k+1)
∥

∥

∥

2

G
(4.5)

Using (4.2) and
∞
∑

k=0

η2
k < +∞, it is easy to show that there is a k0 ≥ 0 such that for all k ≥ k0

− 2
〈

Xk+1 − Xk,Θk(X
k+1)

〉

≤ 4δ2η2
k

∥

∥

∥
Xk+1 − Xk

∥

∥

∥

2

γI−Q0

+
1

4δ2η2
k

∥

∥

∥
Θk(X

k+1)
∥

∥

∥

2

(γI−Q0)
−1

≤
1

4

∥

∥

∥
W k+1 − W k

∥

∥

∥

2

G
+

1

4δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
. (4.6)
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Substituting (4.5) and (4.6) into inequality (4.4), we obtain

∥

∥

∥
W k+1 − W ∗

∥

∥

∥

2

G
≤

(

1 + 4δ2η2
k

)

∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
−

3

4

∥

∥

∥
W k − W k+1

∥

∥

∥

2

G
+

1

2δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G

≤
(

1 + 4δ2η2
k

)

∥

∥

∥W k − W ∗
∥

∥

∥

2

G
−

3

4δ2

∥

∥

∥e(W k+1)
∥

∥

∥

2

G
+

1

2δ2

∥

∥

∥e(W k+1)
∥

∥

∥

2

G

=
(

1 + 4δ2η2
k

)

∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
−

1

4δ2

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
.

The proof is completed.

The following theorem will prove the convergence of the inexact method.

Theorem 4.2. The sequence {Xk} generated by the inexact version of the modified alternating

direction method for CQCQSDP converges to a solution point X ∗.

Proof. Note that under the assumption
∞
∑

k=0

η2
k < +∞ the product

∞

Π
k=0

(1 + 4δ2η2
k) is bounded.

We denote

Cs ≡ 4δ2
∞
∑

k=0

η2
k, and Cp ≡

∞

Π
k=0

(

1 + 4δ2η2
k

)

.

Let Ŵ be a solution. From Proposition 4.1, we have for all k ≥ k0

∥

∥

∥W k − Ŵ
∥

∥

∥

2

G
≤

(

k

Π
l=k0

(

1 + 4δ2η2
l

)

)

∥

∥

∥W k0 − Ŵ
∥

∥

∥

2

G

≤ Cp

∥

∥

∥W k0 − Ŵ
∥

∥

∥

2

G

Therefore, there exists a constant τ > 0, such that

∥

∥

∥W k − Ŵ
∥

∥

∥

2

G
≤ τ, ∀k ≥ 0. (4.7)

It follows that the sequence {W k} is bounded and therefore it has at least a cluster point. From

(4.3) and (4.7), we get

1

4δ2

∞
∑

k=k0

∥

∥

∥
e(W k+1)

∥

∥

∥

2

G
≤

∥

∥

∥
W k0 − Ŵ

∥

∥

∥

2

G
+ 4δ2

∞
∑

k=k0

(

η2
k

∥

∥

∥
W k − Ŵ

∥

∥

∥

2

G

)

≤ (1 + Cs) τ.

It follows that

lim
k→∞

∥

∥

∥e(W k)
∥

∥

∥

G
= 0.

Let W ∗ be a cluster point of {W k}. Suppose the subsequence {W kj} converges to W ∗. Then

‖e(W ∗)‖G = lim
j→∞

∥

∥

∥e(W kj )
∥

∥

∥

G
= 0

and W ∗ is a solution. Since W ∗ is a solution, for all k ≥ k0, l ≥ 0, we have

∥

∥

∥
W k+l − W ∗

∥

∥

∥

2

G
≤ Cp

∥

∥

∥
W k − W ∗

∥

∥

∥

2

G
. (4.8)

It follows from (4.8) that the sequence {W k} has a unique cluster point and

lim
k→∞

W k = W ∗.
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5. Concluding Remarks

We propose a modified alternating direction method for solving convex quadratically con-

strained quadratic semidefinite problems. The advantage of the proposed method is that it does

not require to solve sub-variational inequality problems on semidefinite cone; instead, in each

iteration, it requires only one projection onto semidefinite cone plus m easy vector projections.

The convergence of the method is analyzed and it is shown that if the problem has an optimal

solution at all, then the method will produce a sequence that converge to a solution. The method

can be relaxed to allow inexact projection onto the semidefinite cone, while preserves the same

convergence properties.

The proposed modified method does not require second order information and they are

very easy to implement. For problems with a large number of quadratic constraints, the vector

projections in Step 2 are readily parallelizable. These additional features appear to be attractive

in solving large-scale convex quadratically constrained quadratic semidefinite programs.
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